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Abstract 

We find explicit AdS4, solutions of massive type IIA with J\f = 2 supersym- 
metry obtained deforming with a Roman mass the type IIA supersymmetric 
reduction of the M theory background AdS^ x M^^^. The family of solutions 
have SU{2>) x SU{2>) structure and isometry SU{3) x U{1)'^. They are con- 
jectured to be dual to three-dimensional M = 2 Chern-Simons theories with 
generic Chern-Simons couplings and gauge group ranks. 



1 Introduction 



Recent results on 2+1 dimensional superconformal Chern-Simons theories [1] have 
shed new light on the AdS^/CFT^ correspondence. A long standing problem in 
establishing this latter is the identification of the 2+1 dimensional superconformal 
gauge theories dual to AdS^ supersymmetric backgrounds. In the past, attempts to 
find duals have focused on Yang-Mills theories fiowing in the IR to superconformal 
fixed points [2-5]. It seems now that supersymmetric Chern-Simons theories can do a 
better job. The jV = 6 ABJM [1] model nicely incorporates all relevant features of a 
dual theory for the M theory background AdS^^ x S'^ /'Lki including the maximally su- 
persymmetric A/" = 8 case. Interestingly, for large k a better supergravity description 
is provided by the type IIA background AdSi^ x P^. A similar construction has been 
extended to models with less supersymmetry. Examples of superconformal Chern- 
Simons theories with M = 3,4,5 supersymmetry have been studied in [6-14]. The 
properties of A/" = 2 theories have been investigated in [15,16] and many models have 
been constructed and studied in [17-22]. For models with Af = 2 supersymmetry the 
reduction to type IIA is still less studied. 

In this paper we consider the particular case of the A/" = 2, M theory solution 
74^5*4 X M^^^, its reduction to type IIA and its supersymmetric deformations. In 
particular we find a family of A/" = 2 supersymmetric AdS4 vacua in massive type IIA 
supergravity with SU{3) x f/(l)^ isometry, which include the AdS^ x M^^^ reduction 
as special case. 

The interest in such solutions is two-fold. On one side, they provide non-trivial 
examples of AdS^ supersymmetric vacua of massive type IIA. In spite of the many 
known AdS^ vacua, the picture we have so far is not exhaustive. In particular, most 
of the solutions have SU{3) structure [23-27], which is the simplest case but not the 
generic one. Only very recently, the conditions for A/" = 1 supersymmetric solutions 
with generic SU{3) x SU{3) structure have been explicitly written and a type IIA 
solution was given [28]. As we will see later, in order to have non zero Roman mass 
and a running dilaton, type IIA backgrounds must have SU (3) x SU (3) structure. In 
that respect, our solution is one of the first non-trivial examples of AdS^ backgrounds 
with SU{3) X SU{3) structure. 

On the other side, the solution is also relevant for the AdS^ x CFT^ correspon- 
dence. As noticed in [29,30], the Roman mass can be interpreted as the overall 
Chern-Simons coupling in the dual gauge theory. More generally, all the integer 
Chern-Simons couplings and the ranks of the gauge groups should appear in the dual 
supergravity description. The authors of [29,30] analysed the ABJM and ABJ mod- 
els, finding solutions with A/" = and A/" = 1 supersymmetry which are deformations 
of AdS4^ X P'^ and have a field theoretical interpretation. They also find analogous 
solutions with M = 2 and M = 3 supersymmetry at first order in perturbation the- 
ory [30], the entire solution still remaining to be found. The same argument applies 
to all A/" = 2 Chern-Simons quivers. In particular it should always exist a massive 
type IIA deformation of the original supergravity solution which corresponds to a 
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quiver with arbitrary Chern-Simons couplings and ranks. The deformation should 
preserve the same M = 2 supersymmetry and the same global symmetry as the 
original theory. The solution we find in this paper corresponds to the supergravity 
backgrounds M^^^/Z^. A candidate dual Chern-Simons quiver has been proposed 
in [15] and further studied in [17]. It is based on a superpotential with manifest 
5't/(3) X U{lY symmetry. The existence of a supergravity solution with the same 
symmetry can be seen as a partial check of the correctness of the proposal. 

We chose M^^^ because of its large global symmetrj^. The isometries will allow to 
reduce the supersymmetry conditions to a set of ordinary first order equations. For- 
tunately these equations are not over-constrained and reduce to a pair of equations 
for two unknowns, which can be used to show the existence of a regular deforma- 
tion. We will study the equations numerically and perturbatively. The AdS^ x CFT^ 
correspondence suggests the existence of infinitely many other M = 2 supergravity 
solutions associated with all Sasaki-Einstein manifolds with dual Chern-Simons quiv- 
er^. The methods of [29] and this paper still apply. However the smaller symmetry 
makes it more difficult to find explicit solutions to all orders. For example, in the 
case of another famous coset manifold Q^^^, studied in the Chern-Simons context 
in [18,21], the global symmetry SU{2)'^ is reduced to a single SU{2). Generic Sasaki- 
Einstein manifolds are even more problematic having only abelian isometries. 

The paper is organized as follows. In Section 2 we review the M theory compact- 
ification on M^^^, its reduction to type IIA and the proposed dual quiver. In Section 
3, we study how supersymmetry is realized in type IIA. In Section 4, we study the 
conditions for supersymmetric massive type IIA deformations with SU{?)) x SU{2>) 
structure. We adopt an SU{?>) x f/(l)^ invariant ansatz, and we show that the sys- 
tem of supersymmetry equations is not over-constrained. We determine algebraically 
all the quantities appearing in the ansatz in terms of two unknowns for which we 
write a pair of coupled first order differential equations. In Section 5, we analyze 
numerically and perturbatively the solution, showing that it is regular, and we deter- 
mine the quantization conditions on the parameters. We then interpret the result in 
terms of the dual Chern-Simons quiver. In the two Appendices, the conventions for 
the complex geometry of and the supersymmetry conditions for SU (3) x SU (3) 
structures are reported. 

"'^In this case the global symmetry is larger than in the corresponding M ~ 2 deformation of 
ABJM, where the full solution is still lacking. To the best of our knowledge, the type IIA reduction 
of M^^^ enjoys the largest global symmetry among the Af = 2 models with known or proposed 
Chern-Simons duals. 

^For example, belongs to the family of ^^'^(P^) Sasaki-Einstein manifolds [31,32]. These 

models possess the same SU{S) symmetry and simply correspond to different choices of Chern- 
Simons couplings in the dual quiver. We shall discuss the relation of our results to y^'*(P^) in the 
following. 
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2 The AdS^ x M^^^ background and its dual 

M theory admits M = 2 supersymmetric Freund- Rubin solutions of the form AdS^ x 
H for every Sasaki-Einstein seven- manifold H. In this paper we will focus on the ho- 
mogeneous space H = M^^^, popular in the eighties, at the time of the Kaluza-Klein 
program, due to its intriguing isometry group, SU{3) x SU{2) x U{1). We will make 
use of this large isometry to find new AdS^ solutions with M = 2 supersymmetry. 

M^i^ is a U{1) bundle over x The metric reads [33,340 



dSflfiii 



d42 + -(de2 + sin2M02) + — (dr + A + 2cosM0)" . (2.1) 
8 64 



r is an angle with period 47r, while the one-form 

A = -3 sinV (dV' + cos ^ d0) (2.2) 

satisfies dA = 16joj where jo is the Kahler form on P^. For convenience of the reader, 
the metric for P^ and its natural complex structure are reported in Appendix \K\ 
together with a discussion of our conventions. M^^^ can be also described as the 
homogeneous space 

SU{?,) X SU{2) X U{1) 

U{1) X f/(l) ■ ^^""^ 
Such a characterization helped in the study of the KK spectrum. 



Various properties of M^^^, relevant for the AdS4^ x CFT^ correspondence, have 
been analysed a long time ago in [2], where the KK spectrum and the dimension 
of baryonic operators were studied. In the same paper, a candidate dual three- 
dimensional Yang-Mills theory was proposed. There are various indications now-days 
that a better candidate for the dual field theory is a Chern-Simons theory. An M = 2 
Chern-Simons theory with the right moduli space was identified in [15] and further 
studied in [17]. The theory is based on a quiver with three gauge groups and three 
sets of chiral fields f/j, Vi, Wi, with i = 1, 2, 3, transforming in the (iV, iV, 0), (0, iV, N) 
and (iV, 0, A^) representation of the gauge groups, respectively. They interact with 
the superpotential 

W = e,,uU^VjWu. (2.4) 

There is a Chern-Simons coupling ki for each gauge group but no Yang-Mills terms. 
The theory has a global 5'f/(3) symmetry rotating the indices z = 1, 2, 3 of [/, V, W . 
Note that this theory has the same field content and superpotential as the quiver 
associated to D3-branes sitting at a C^/Zs singularity and describing a 3 + 1 A/" = 1 
superconformal theory. 

^ In this and the foUowing Section, we set for simphcity the cosmological constant A = — 3|/.jp = 
12. We will set also = 1 for the asymptotic value of the dilaton in type IIA. These quantities 
can be easily reintroduced by rescaling the metric (|2.ip and the RR fluxes Fra ^^iji?- 
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With the choice of Chern-Simons couphngs ki = k,k2 = k, k^ = —2k, the moduh 
space of the theory is the Calabi-Yau cone C{M^^^)/Zk, and the theory describes the 
M theory background AdS^ x M^^^/Z^. It is interesting to see in details how this 
happens [15,17]. As discussed in [11,13,15], the D-term equations in a A/" = 2 Chern- 
Simons theory are modified by a term proportional to the Chern-Simons coupling 

Da = kaa. (2.5) 

In this formula. Da is the momentum map for the action of the a-th U{1) gauge field 
on the elementary fields, and a is an auxiliary field in the gauge multiplets. More 
explicitly, the previous equations read 

3 

J2\U^\'-\V^\' = klCJ, 

i=l 

3 

i=l 
3 

- = ■ (2-6) 

i=l 

These equations should be supplemented by the F-term conditions 

UiVj = UjVi V,Wj = VjWi WiU, = W,Ui t^j. (2.7) 

The sum of the three equations in (12.61) is zero, reflecting the fact that the overall 
U{1) acts trivially on the fields. The difference of the first two equations in (12.61) 
imposes the vanishing of the momentum map for U{l)i — U{1)2- The last equation 
just determines the value of a. We see that effectively we should only divide by the 
(complexified) gauge group f/(l)i — f/(l)J^ which acts with charge +2 on Ui and 
charge —1 on Vi and Wi. f/(l)3 is broken to by the Chern-Simons interactions 
and remains as a global symmetry. 

For k = 1 the theory has symmetry 5^7(3) x SU(2) x U{1), where SU{3) acts 
on the k indices, U{1) is the R-symmetry, which rotates all the fields {U, V, W) 
with the same charge, and, finally, SU{2) is the enhancement of f/(l)3 obtained by 
considering the doublets Rf = {Vi,Wi). The gauge invariant chiral operators are 
given by 

On = {URRY , (2.8) 

where the SU (3) and SU (2) indices are symmetrized due to the F-term conditions. 
Since the superpotential W must have R-charge two. On has R-charge 2n. In conclu- 
sion, there is exactly one chiral multiplet with R-charge 2n transforming in the [3r;,, 0] 

*As usual, a momentum map condition and the modding by the corresponding gauge group can 
be combined into the modding by the complexified gauge group. 



4 



representation of SU{3) and the 2n representation of SU{2). We recognize the KK 
spectrum of M theory compactified on M^^^ [2] . A more geometrical proof, based on 
toric geometry, that the moduh space of the Chern-Simons theory is C{M^^^) can be 
found in [15, 17, 35]. 

For /c 7^ 1 we have to mod by Z^. G U{l)-s, which acts with charge +1 on Wk and 
charge —1 on Vj. The moduh space is now C(M^^^)/Zfc and the SU{2) symmetry 
is broken to U{1). acts indeed on a circle in M^^^ reducing its radius. For 
large k the compactification on 74^5*4 x M^^^/Z^ is effectively reduced to a type IIA 
compactification, as in the ABJM model. It is easy to identify the action of Z^ with 
a shift of (f) in the metric (12.11) . Reducing along </> gives a supersymmetric type IIA 
background with non trivial dilaton, F2 flux and SU{'i) x f/(l)^ symmetry. The 
metric is 

dsl, = e'^ds\,s, + <. (2.9) 
where the six- dimensional compact manifold is a 2-dimensional flbration over 

d.^ = e^^[d4. + ^ + 4 TT^(dr + A)^] . (2.10) 
o o2 1 + sm 6 

The term dr + A in the original metric determines a non trivial RR two-form 

cos 6 



-(dr + A) 



(2.11) 



2(1 + sin^ I 

Finally, the warp factor is proportional to the dilaton and is given by 

^2A ^ g2^/3 ^ ^^i+sin2^. (2.12) 

Type IIA reductions of M^^^ and other Sasaki-Einstein manifolds have been con- 
sidered in the past [36,37]. The reduction was performed on the obvious U{1) circle 
bundle with the result of breaking supersymmetry. The natural U{1) bundle of the 

X P^ flbration corresponds indeed to the R-symmetry. A reduction along the Z^ 
action, on the other hand, preserves supersymmetry since Z^ is a subgroup of the 
global SU (2) symmetry. 



In the following section we will verify that the previous solution is M = 2 super- 
symmetric. We will then flnd an A/" = 2 supersymmetric deformation of this solution 
in massive type IIA preserving SU (3) symmetry. As suggested in [29] such solutions 
should correspond to the case Q and possibly generic Aj. The existence of a 

solution is predicted by the Chern-Simons theory since a modiflcation of ka and 
Ni does not affect the superpotential and preserves the SU (3) symmetry. It is quite 
remarkable that such supergravity solution actually exists. 
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3 Undeformed solution 

We now verify that the background fl2.9p -( !2rT2l) is a solution of type IIA supergravity 
with M = 2 supersymmetry. M^^^ admits two real Killing spinors which give, after 
reducing to six dimensions, one Weyl spinor each and, hence, M = 2 supersymme- 
try. We use the language of Generalised Complex Geometry [38,39] which is briefly 
reviewed in Appendix [Bl 

Since each Killing spinor can be seen as defining an SU (3) structure, a convenient 
way to check supersymmetry is to look for two pairs of SU (3) structure pure spinors 
satisfying [40,41] 

(d-/7A)(e3^-^Im<l>_) = -36^^-^ Im $+ + — * A(F) , (3.1) 

8 

(d - HK) {e^^-^^+) = Re $_ , (3.2) 

where is related to the cosmological constant in AdS/^ by A = — 3|/ip. By changing 
phases in the spinors we can always take /x real, and we will do so in the following. 

We can write the SU{?>) structure pure spinors as in (IB.Qp . choosing the parametriza- 
tion a = ze^/^e*^^"*""^ and x = e^/^e*" 

$^ = -e^Pe^ e-'^ , = --e'^P+^^'^e^ Q . (3.3) 

8 8 

The fibered structure of the six-dimensional metric suggests a natural splitting 
into base and fiber directions for the choice of the holomorphic three-form Q and 
Kahler form J 

Q = iu Az, J = j + -z Az . (3.4) 

Here 2: is a one form on the S"^ fiber 

ie 



^ " sin 61 



while j and u are a rotation of the natural complex structure on (see Appendix 
|X]for notations) 

j = e^^(cos7 jo + sin7Rec:;o) , 

u = e^^[{— sin 7 jo + C0S7 Reci>o) + ^ Imu)o] , (3.6) 

with 7 a function of the angle 6 on the two-sphere. 

With the choice 03.31) . the equation (13.21) for the even pure spinor reduces to the 
two conditions 

d{3A- ip + ip) = 0, (3.7) 
dJ-iH = -2/ie-'^e-^ Re{-ie'^''+^"^ n) . (3.8) 
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The first equation sets p to a constant and implies the same proportionality as in 
f l2.12p between the dilaton and the warp factor 



V9 = 3A. (3.9) 

Since if = in the solution, from the second equation we see that e*^ must be 
real. Choosing p = 0, it is straightforward to verify that (13.81) is satisfied by the 
ansatz (I3.4l) - (l3.6p with a = 7r/4, p = — 2 and 

cos 6* j- sin 6' 

^°^^ = ^^=^' sm7 = V2— (3.10 

VI + sm^ Q V 1 + sm^ Q 

Similarly, equation (13. ip for gives the closure of the imaginary part of 

d[e-^Im(fi)] = 0, (3.11) 

and the RR fluxes 

F4 = 0, e^^*F6 = -6, (3.12) 

Fo = 0, e^"^ *F2 = -d(e^Refi) + 3J^ (3.13) 

Again, it is easy to check that the ansatz (I3.4p - (l3.6p solves the equation for the clo- 
sure of Imf2 and that the defined in (12.1 ip satisfies (I3.13p . Finally, we can take 
the equation for as a definition of the cosmological constant in the solution. 

The discussion above proves that, reducing the M^^^ background, we obtain a 
solution of llA with one supersymmetry. We still have to look for the second su- 
persymmetry. However, it is immediate to construct a second pair of pure spinors 
satisfying the equations (13. ip . (13. 20 . These have the same form as in (13.30 . with f2 and 
J defined as in (13. 4p . but with a different complex structure obtained by a change of 
sign in the coordinates on the base 

j = e^^(-cos7jo + sin7Rec:;o) , (3.14) 
uj = e^'^[(sin7 jo + cos7RecDo) — i Imc^o] , (3.15) 
r , ^ sin 0,^^,1 , , 

As already mentioned, there are other solutions of type IIA with M = 2 super- 
symmetry and SU (3) structure with the same global symmetry. M^^^ belongs indeed 
to the larger family of Sasaki-Einstein manifolds y^''^(P^) with SU{?)) x ?7(1)^ isom- 
etry. These solutions correspond to different choices of Chern-Simons couplings with 
p = ki + k2, k = 2ki + k2 for ki,k2 > [32]. The reduction to a type IIA background 
can be found and studied similarly. 
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4 Deformed solution 



Now we come to massive type IIA deformations of the previous background that 
still preserve M = 2 supersymmetry and have S'f/(3) global symmetry. These are 
obtained by introducing the Roman mass Fq. 

We choose an SU{'i) invariant ansatz for the metric 

d.?o = e2^(^)d4.., + d.^ (4.1) 

where the six-dimensional compact manifold is still a 2-dimensional fibration over 

d,2 = e2^W[d4. + \ e\e)de^ + ^T\e){dT + A)^] . (4.2) 
o o4 

It is still convenient to define a one-form on the 5*^ fiber 



L0=d^ + ^r(e)(dr + A) . (4.3) 



The phase will be fixed shortly. Since we can redefine 6, one of the functions in 
the ansatz is redundant. We will use the freedom to change coordinate later. 
For the fluxes, we take the natural 5*^7(3) invariant ansatz 

Fq = fo, 

F2 = f2{9)jo+'-g2{9)zAz, 

F4 = U{0) Jo A Jo + ^ 94(0) zAzAjo, 

Fe = e'^('^'-Me)zA-zAjl 

H = h{e)jo A de . (4.4) 

The ansatz is SU (3) invariant since jo and A are. 

It is easy to check that, when Fq 7^ 0, the supersymmetry equations for SU{3) 
structure pure spinors require constant dilaton. Since the dilaton is running even 
in the unperturbed solution, we are led to consider solutions with SU{3) x SU{3) 
structure. We can write the SU{3) x SU{3) structure pure spinors as in fIB.lOp . 
choosing the dielectric ansatz [30,42] 

a = i cos e'^e'^e^/^ , x = cos e'^e^/^ ^ 

b = -i sin (f) ^Pe-'^'e^l'^ , ?/ = sin e-'^e^/^ . (4.5) 

Here p, and a are functions of the angle Q on the fiber. 

An SU (3) X SU (3) structure corresponds to a 4 -|- 2 splitting on the internal met- 
ric, determined by a vector z. It is natural for us to use the splitting into and S"^: 
z has been defined above and j^uj are defined as in (13.61) . with a possibly different 
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function 7. This is the natural generahzation of what we used for the undeformed 
solution. A quick analysis shows that we can consistently choose a = 7r/4 as in the 
undeformed case. 



We need to solve (13.11) . (13.21) for the new pure spinors. To simplify our notations, 
let us notice that the 10- dimensional metric is invariant under the simultaneous 
rescaling of /i and e"^, so that we can reabsorb /i in the definition of ^40. We use this 
freedom to fix again /i = —2. The one-form component of (13. 2p . 

d(ie^^-^ cos 20) = -46^^"'^ Re{ie'P sin 20 z) , (4.6) 

immediately gives a lot of information. The fact that the right-hand side must be 
closed implies that it is proportional to d^. This can be obtained by choosing v = p 
in (14. 3p . The imaginary part of the previous equation then fixes the dilaton 

e^^-^ = ^ . (4.7) 

cos 20 cos p 

Again, for simplicity, we omitted an arbitrary constant. As easily seen from the 
equations, the constant can be reintroduced by rescaling the RR fluxes, F —>■ F/gg. 

The remaining equations give several differential and algebraic constraints for few 
unknown functions. A, B, F, e, p, 0, 7, /j, 7^. To these constraints we have to add the 
Bianchi identities for fluxes 

dF-H AF = 0. (4.8) 

There are clearly more equations than unknowns. However, this formidable system 
is not over-constrained and, with some patience, it can be reduced to a pair of linear 
differential equations for two unknowns. All other quantities can be obtained alge- 
braically and the Bianchi identities are automatically satisfied. 

In order to simplify the resulting set of equations, it is convenient to use the 
freedom of redefining 6. We can always choose coordinates where ^{6) is the function 
defined in (I3.10p . With this choice we can write a pair of linear differential equations 
for the quantities and w = Ae'^^^~^\ 

sin40 cot6'[iu-2(sin2 20 + 2tan2 6')] 



4:[w (1 + sin^ 6) -2 cos^ 20 (2 sin^ 6 + cos^ 6 sin^ 20)] ' 

, -w cot9{sm^2(f) + 2taia^9){w-4:-4:Sm^2(l)) 

w = (4 9) 

2[w{l + sin^ 9) -2 cos^ 20 (2 sin^ 9 + cos^ 9 sin 20)] 

All other quantities are then determined in terms of the previous ones. It turns 
out that tanp = — cot 6* sin 20/ v^. The functions appearing in the metric are given 



^Sincc $ ~ e^, the pure spinor equations can be reformulated in terms of e^/^ and e^^~'^ 
and the phases in the dielectric ansatz. The arbitrary constant in e^^~'^ can be reabsorbed by a 
rescaling of the RR fluxes and will be set to one in the text. 
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by 



2V2sin20(l + sin2^) 
/o cos^ 2(f) sin 26 ' 
V^4tan2?T2sii? 



2^/^ 



sin 20 (w - 4 tan^ 6^-2 sin^ 20) 
2 cos^ V2tan2^ + sin^2(/) 



The fluxes read 

h - • 



■\/2e"" w 



Vl + sin^ 9 
sin 6* (sin^ 20 + 2 tan^ 



(4.10) 



/2 
/4 

9a 
h 



v/(l + sin2^) [w - (2 sin^ 20 + 4 tan^ 
_2A [^^(1 + sin^ 6)- A cos^ 6^ (2 tan^ 6^ + sin^ 

2 Vl + sin^ 6 cos 6 cos 20 
2g-4A [3^(1 + sin^ ^) - 8 cos^ ^ (2 tan^ ^ + sin^ 20)] 
" ^ (1 + sin2e)u; ' 

w[w{l + sin^ 0) - 8 cos^ (2 tan^ ^ + sin^ 20)] sin 20 

8^2 sin 26 cos^ 20 
1 ^_2^ [?,w{l + sin^ e) - 4 cos^ 9 (2 tan^ ^ + sin^ 20)] tan 20 



2^/2 



sm + sin ^ 



3 sin2^cos2 20 
71 (1 + sin2 e) sin 2 



(4.11) 



In all the expressions above /o is set to a constant by the Bianchi identities. 



The solution has M = 2 supersymmetry. The second supersymmetry is obtained, 
as in the unperturbed case, by changing complex structure as in 03.141) 

3 = e^^(-cos7(6')jo + sin7(6')Reu;o) , 
LJ = e^'^[(sin7(6') jo + cos7(6') Recuo) — ilmcuo] , 



2V2 



d9 



-r(^)(dr + A) 



(4.12) 
(4.13) 

(4.14) 



The pure spinors are given by the dielectric ansatz with — > —0, p ^ p. The 
supersymmetry equations are then satisfied with the same metric and fiuxes as before. 
The relations ( 14.9p - (l4.1ip remain true. 



5 Analysis and interpretation of the solution 

We were not able to solve analytically the system of equations f l4.9l) - fl4.11l) . but we 
can study the properties of the solution using perturbation theory and numerical 
analysis. 
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We have solved the equations fl4.9p - fl4.lip up to third order. The idea is to define 
a perturbative expansion where 0, p and the fiuxes H, F4, Fq receive corrections at 
odd orders, while the metric and fiuxes F2, receive corrections at even orders. The 
constant /o has an odd expansion, while /i an even one. At first order we find 

= 2c(^)cos2^, (5.1) 



with fiuxes 



/i(^) = y2c(^)sin3^. 



cos 2^-3 



f/i , cos 36* — 13 cos 6* 

The constant /q requires a word of caution. As one can see from equation fl4.10p . 
the limit /q — > is singular. The correct unperturbed limit is obtained by sending 
simultaneously /o — and — *• 0. The solution of Section 3 is obtained by setting 

f^'^ = 64v^c(') . (5.3) 

The metric receives corrections at second order, which can be easily determined 
and which depend on a second arbitrary constant. We do not report the expressions 
here. We have checked the regularity of the resulting metric for all 9, and, in par- 
ticular, at the North and South poles and at the equator of the sphere. Up to third 
order, the expansion gives a perfectly regular solution of type IIA supergravity. 

More generally, we can study the regularity of the metric near the North and 
South pole by expanding 9 around and vr. By solving the equations fl4.9l) - fl4.11l) 
near ^ = we find 



ct> = <l>iO-i^-f + ^j9' + Oi9 
w = Wo + ^{A-Wo){l + 2<pj)9'' + 0{9^). (5.4) 

An identical expression holds at the South pole with different parameters (j)i,WQ. 
The 5*^ metric will be smooth near the poles if it reduces to the flat metric in polar 
coordinates. It is easy to check, using equations fl4.10p . that 

T^V2e{0)9, (5.5) 

at the North pole, and similarly, with 0i 4>i,Wo — > Wq, at the South pole. The 
vector z has then an expansion (flxing an arbitrary point in P^) 

zr^d{9-9p) + i{9-9p)^ (5.6) 
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at both poles. Since r has period An, this guaranties the regularity of the metric. 
Warp factors and fluxes are similarly computed and are regular. The expansion of 
the equations near the equator is also smooth. 

We can further study the solution by numerical analysis. We can use 0i,wo as 
parameters labeling the solutions of the system fl4.10p . The analysis shows that 
there is a two-parameter family of regular solutions departing from the unperturbed 
one. The shape of (j) and e^^ is shown in Figure 1 for special values of the parameters. 




Figure 1. Graphics of (p and e^"^ for the values of parameters (f)i 
The symmetry 6 ^ tt — 6 is only present for the value Wq = 4. 



0.02 and Wo = 4. 



The solution depends on four arbitrary parameters: the asymptotic value of the 
dilaton, gg, and the radii of AdS^, and (these are functions of fo, (j)i,Wo). To 
these, we can add the zero modes of the 5-field on the two two-cycles in the solutior|§, 
for a total of six parameters. Their values are constrained by flux quantization, 
/o is interpreted as the period of a zero form and must be an integer. For the 
other RR forms, we define Page charges associated to the quantities F2 = F2 — -B/o, 
F4 = F4 — B A F2 and Fq = Fq — B A F4. As we already said, the Bianchi identities 
are satisfied and these forms are closed. It follows from the ansatz 04.41) that we can 
conveniently write them as 



F2 -Bfo = d 



(dr + A) 
16 



F4 - 5 A F2 = d 



(dr + A) 
16 



(5.7) 



We have to impose that the periods of these forms on all non trivial internal cycles are 
integer (in suitable units). A basis for the two-cycles is given by a copy of G P^ 
at 6' = and by a copy of S"^ at a chosen point in P^. Similarly, a basis for the 
four-cycles is given by P^ and P^ x S"^. Equation (15.71) allows to evaluate easily the 
periods. For example, without including the zero modes of the B field, we have 



^2 = [/2(vr)-/2(0)]^, 
52 4 



F2 = /2(0) / Jo 



(5.^ 



^We thank Alessandro Tomasiello for an enlightening discussion on this point. 
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All these integrals can be expressed in terms of the parameters of the solutions. The 
the zero modes of B can be easily included. We obtain six quantization conditions 
for the six parameters in the solution. 

Now we can compare the results with the field theory expectations. The original 
Chern-Simons theory can be deformed preserving J\f = 2 supersymmetry by changing 
the ranks Ni and by relaxing the condition Xla^a ~ 0- Since the superpotential is 
unchanged, the SU{?)) global symmetry is also preserved. The most general S'[/(3) 
invariant M = 2 Chern-Simons quiver depends on six integer parameters, the three 
ranks Ni of the gauge groups and the three Chern-Simons couplings ka- We have 
room to describe all these in our deformed solution. The precise identification of 
the supergravity parameters with the field theory ones is complicated. A very rough 
identification is as follows. The original parameters N and k are still described by 
the constants in the dilaton and the AdS radius. The ka can be associated with 
/o [29], while the difference between the ranks of the gauge groups should correspond 
to the zero modes of the S-field [12]. The extra parameter corresponds to varying the 
ratio of the F2 periods on the two-cycles. In the unperturbed solution, this would 
correspond to replacing M^^^ with a generic member of the family y^'^(P^). It is 
reasonable that our solution for /o 7^ already describes the quiver with generic /cj, 
as the parameters of the supergravity solution suggest. In fact, one can explicitly 
verify that our set of equations in the limit /o — > contain, in addition to the solution 
given in Section 3 with i/; = 4, other solutions with non-trivial w corresponding to the 
dimensional reduction of the manifolds y^'''?(P^) for generic (/ci, /c2, —ki — ^2) [31,32]. 
The different values of ka appear in type IIA as periods of F2. 

As a final check, we can insert D2-brane probes in the background [30]. As 
discussed in [30,43,44], the supersymmetry conditions for a probe D2 requires 

d(Re$|(o)) = d(tanp) = 0. (5.9) 

Using the perturbative and numerical expansion of the solution it is easy to check 
that a supersymmetric locus for D2 probes corresponds to 9 = tx 12. On this locus, 
the r fibration over reproduces /Tj^. The moduli space for a supersymmetric D2 
is obtained by adding the radial direction in AdS^ giving the cone over /"L^, which, 
as a complex three-dimensional manifold, is C^/Za. This result matches the moduli 
space of Chern-Simons quivers for ka 7^ 0, which becomes three-dimensional. 
This is simple to see from equations (12. 6p . The sum of the three equations gives 
(T^^/Ca = 0, which implies a = 0. The equations (12.61) become standard D-term 
constraints for all gauge groups. In particular, we mod also by U{1)^, reducing the 
complex dimension of the moduli space of one unit. The moduli space is then the 
same as for the 3-1-1 dimensional superconformal theory based on the same quiver, 
that is CVZ3 0. 

^Recall that the case ka = 0, corresponding to zero Roman mass /o, is special: the moduH 
space of the quiver is of complex dimension four [13, 15, 16] and we can uplift the solution to M 
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6 Conclusions 



In this paper we have considered an AdSi solution of massive type IIA supergravity 
with M = 2 supersymmetry and S'f/(3) x f/(l)^ global symmetry. Having non zero 
Roman mass and non trivial dilaton, this solution has SU (3) x SU (3) structure. 

The AdSi x CFT^ correspondence actually suggests the existence of many super- 
symmetric AdS4^ vacua still to be found. The method in this paper can be applied to 
various Sasaki-Einstein metrics. The generalization to ^^'''(P^) is already contained 
in our deformed equations. More interesting would be to find solutions for the family 
yp,i3(^pi X P^), which includes Q^^^. In this case, the global symmetry is typically 
reduced to SU (2)^ and the corresponding solution can be harder to find. Even in the 
apparently simple case of ABJM, the solution at all order is still lacking. The per- 
turbative method of [30] however always applies. It would be interesting to perform 
a perturbative expansion for the Sasaki-Einstein manifolds where a dual quiver has 
been proposed. This would be an interesting check of the correctness of the proposal, 
which is still unclear since many standard checks of the correspondence cannot be 
fully performed in 2-1-1 dimensions. 

One can also study deformations with M = 1 supersymmetry. Many solutions are 
still predicted by the correspondence, since the dual quiver can be typically deformed 
to A/" = 1, usually loosing some global symmetry. Alternatively, one can forget about 
the dual interpretation, and search for A/" = 1 SU (3) x SU{'i) solutions with large 
global symmetry. As shown in this paper, although apparently complicated, the 
supersymmetry conditions can be sometimes simplified and reduced to a simple set 
of equations. In particular, it would be interesting to see whether there exist other 
Af = 1 solutions of the equations we wrote with SU (3) global symmetry. This is left 
for future work. 

Note added: As noted in [45], P^ can be replaced by any compact Kahler-Einstein 
base B without affecting the conditions of supersymmetry and without modifying any 
of the formulae in this paper. In fact, all the equations follow from the existence of 
a trio of forms A, joi^^o on the base satisfying dA = 16jo , dcuo = "^f A cuq, which is a 
distinctive feature of all Kahler-Einstein manifolds. For any M theory background 
y^'''(i3), the equations in this paper define an AdS^ massive type IIA deformation 
with non zero Roman mass and with the same global symmetries of B. This agrees 
with the expectation that the corresponding quiver can be deformed by changing 
the Chern-Simons couplings and the ranks of the gauge groups without breaking the 
global symmetries. This construction applies in particular to i3 = P^ x P^ which can 
be used to describe Q^^^ and its quotients. 

theory. For ka 7^ 0, differences between models seem to disappear: as discussed in the text, the 
moduli space of all yP'5(P^) quivers degenerates to C'^/Za and this is well captured by the type IIA 
geometry we found. 
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A Conventions for 

In our conventions, the metric on is normalized as 

31 ^^1 
dsli = - [d/i^ + - sin^ /i cos^ fi'^idip + cos 9d(j)f + - sin^ /i(d6'^ + sin^ Odcf)^)] (A.l) 

and R^l = ^Qab- We chose vierbein, 



e' = 






4 


= 






2 


= 






4 


= 






4 



r sin/i(cos d6' + sin-?/) sin 6' d0) , (A. 2) 

The complex structure of is given by Zi = ei + ie2, Z2 = + ie^^. We define the 
Kahler form and the holomorphic two form as 

]Q=^-{dzl^dzl + dz2^dz2) , (A.3) 
uq = dzi A dz2 . (A.4) 

It is also convenient to define a rescaled cuq = e^'^/^cuo- A straightforward compu- 
tation gives the following useful relations: 

djo = 0, 

dr + A ^ . 
d Re tuo = — A Im cjq , 

dr + A 

d Im cjo = — - — A Re cDo , 

d(dr + A) = 16jo , (A.5) 

where the connection one-form A = — 3 sin^ fi {dip + cosOdcf)) satisfies dA = 16jo- Let 
us notice that jo a-nd a-^G SU{3) invariant while c^o is not. 
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B Supersymmetry equations and pure spinors 

In this paper we will be interested in solutions of type IIA supergravity corresponding 
to warped products of AdS^ with an internal compact manifold 

dslo = e^^dsl + dsl, (B.l) 

where A is the warp factor. 

The solutions are also characterised by non-trivial values for some of fluxes, re- 
specting the symmetries of AdS4^. The NS if-field has only internal indices and the 
RR fields split 

Fp(io)=vol4AFp„4 + i^p, (B.2) 

where V0I4 is the unwarped four-dimensional volume. We can use Hodge duality to 
express the RR fluxes in terms of the internal components only 

4-4 = KhFq-p) , (B.3) 

where A acts on forms as the reversal of all indices A(Fp) = {—lY^^^^'^^Fp. 

Generically, a supersymmetric solution of type II supergravity can be charac- 
terised by the form of the spinorial parameters solving the supersymmetry con- 
straints. For backgrounds which are of product type, such parameters factorise 
accordingly into 4 and 6-dimensional spinors. For type IIA a suitable ansatz is 

ei = C+ ® ^7+ + C- ® , 
€2 = ® + C+ ® ^- , 

where is a four dimensional Weyl spinor and ri^_^, with i = 1,2, are two a priori 
independent six-dimensional Weyl spinors. The subscripts ± denote positive and 
negative chirality spinors, in four and six dimensions. 

The spinors 77^ and 77^ define an SU (3) structure on M , each. The intersection of 
the two will define an SU (2) structure on M and a vector z. We can write 

Vi+ = av+ + bx+, 

where x+ = ■ rj^. rj^ is the complex conjugate of rj^ and z- denotes the Clifford 
multiplication by the one- form 2:^7"^ • 

If the two spinors are everywhere parallel, 

vl = av+ , ^+ = xr]+ , (B.6) 

with a and b complex functions, the two SU{3) structures are identified and the 
manifold admits an SU{3) structure. 
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(B.4) 



(B.5) 



A convenient formalism to study supersymmetric flux backgrounds of this type 
in type II theories is provided by Generalised Complex Geometry [38, 39] . Given a 
6-dimension manifold M, one considers the sum of tangent and cotangent bundles, 
TM (BT*M, and then construct the corresponding spinors. These are Spin{6, 6) and 
have a representation in terms of polyforms on M: positive and negative chirality 
spinors will correspond to even and odd forms, respectively, 

<l>± G Ae^Wodd(T*M) . (B.7) 

As far as supersymmetry is concerned, we will be interested in pure spinors, 
namely vacua of the Clifford algebra. These can be constructed as tensor products 
of the supersymmetry parameters rj^ and rj^ 

^^ = r]l®4K (B.8) 

The pair of pure spinors ( 1B.8I) are also compatible (they have three common annihi- 
lators) and therefore define an SU{3) x SU{3) structure on TM®T*M. In a way the 
the two SU{?>) can be seen as corresponding to the two SUiK) structures associated 
to the spinors and 7f. Then, depending on the relation between them, the explicit 
form of the pure spinors will change. 

For SU (3) structure, the pure spinors have a particularly simple form 



^ -ij 
<l>^ = — e '-^ 



$_ = -^fi, (B.9) 

where J and Vt are the Kahler form and the holomorphic three-form on the manifold. 
For the general SU{2) case, the pure spinors read 



axe"*-' + bye^^ — i{ayuj + xbuj) 

i{byu - axu) + {bxe^^ - aye'""^) z , (B.IO) 
with |ap + |6p = |xp + |yp = e^. 



Supersymmetric vacua can be found by solving the ten-dimensional supersymme- 
try constraints and the Bianchi identities for the NS and RR fluxes. In [40,41], it 
was shown that the supersymmetry conditions are equivalent to a set of differential 
equations for the pure spinors $± on the internal manifold M. In type IIA such 
conditions read 

(d-/fA)(e"^-'^Re<l>_) = 0, (B.ll) 

iA 

(d-/fA)(e3^-^Im$_) = -3e2^-VIm<l>+ + — *A(F), (B.12) 

8 

(d - iJA)(e2^-^<l>+) = Re $_ , (B.13) 
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where /i is related to the cosmological constant A as A = — 3|/ip. Notice that the 
first equation is actually implied by the last one. 

Similarly the Bianchi identities can be given in terms of the internal fluxes only 

dH = {d- HA)F = 0, (B.14) 

where F is the sum of all internal RR field strengths 

F = Fo + F2 + F4 + Fe . (B.15) 
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